In this article we study quotients of deformations of simple singularities, and attempt to characterize them in terms of subsystems of simple root systems. The quotient of a semiuniversal deformation of a simple singularity of inhomogeneous type B r (r ≥ 2), C r (r ≥ 3), F 4 or G 2 by the natural symmetry of the associated Dynkin diagram is a deformation of a simple singularity of homogeneous type X = D s , E 6 or E 7 , but not semiuniversal anymore. Therefore not all subdiagrams of X appear as singular configurations of the fibers of the deformation. We propose a conjecture for the types of singular configurations in terms of sub-root systems of a root system of type X. The conjecture is then proved for the types B 2 , B 3 , C 3 , F 4 and G 2 .
Introduction
Simple singularities have first been studied by F. Klein in [9] , where he classified them as quotients of the complex plane by the action of a finite subgroup Γ of SU 2 . It was then showed by P. Du Val ([6] ) that the exceptional divisors of the minimal resolution of the isolated singularity of such a quotient form an arrangement of projective lines whose dual graph is a simply-laced Dynkin diagram ∆(Γ), and so the quotient C 2 Γ is called a simple singularity of type ∆(Γ). P. Slodowy extended in 1978 (and subsequently in [15] Section 6.2) the definition of a simple singularity to the non simply-laced types by adding a second finite subgroup Γ ′ of SU 2 containing Γ as normal subgroup. Then Γ ′ Γ = Ω acts on C 2 Γ and this action can be lifted to the minimal resolution of the singularity and induces an action on the exceptional divisors which corresponds to a group of automorphisms of the Dynkin diagram of C 2 Γ.
Let α ∶ X Γ → h W be the semiuniversal deformation of a simple singularity of type ∆(Γ) = A 2r−1 (r ≥ 2), D r (r ≥ 4) or E 6 obtained by the construction of H. Cassens and P. Slodowy in [5] , h and W being the Cartan subalgebra and the associated Weyl group of the simple Lie algebra g of the same type. It was shown in [4] that the automorphism group Ω of the Dynkin diagram of g acts on X Γ and h W such that α is Ω-equivariant. A result of P. Slodowy then implies that taking the restriction α Ω of α over the Ω-fixed points of h W leads to a semiuniversal deformation of a simple singularity which is inhomogeneous and of the same type as the folding of the root system of g by Ω. As α is Ω-equivariant, there is an action of Ω on every fiber of α Ω , and the quotient leads to a new morphism α Ω , which was shown to be a non-semiuniversal deformation of a simple singularity of homogeneous type ∆(Γ ′ ) (cf. [4] ).
The aim of this article is to propose a characterization of the types of singularities which appear in the fibers of α Ω in terms of sub-root systems of a root system of type ∆(Γ ′ ). The special fiber (α Ω ) −1 (0) is a simple singularity of type ∆(Γ ′ ). But as α Ω is not semiuniversal, all subdiagrams of the Dynkin diagram of type ∆(Γ ′ ) cannot be found as singular configurations of the fibers of α Ω . We conjecture that there exists a subset Θ of simple roots of the root system of type ∆(Γ ′ ) such that the Dynkin diagram associated to the singular configuration of any fiber of α Ω is a subdiagram of the Dynkin diagram of type ∆(Γ ′ ) containing the vertices associated to Θ. Furthermore, all such subdiagrams are realized as singular configurations of some fibers of α Ω .
In the first section we will present the construction of semiuniversal deformations of the simple homogeneous ( [5] ) and inhomogeneous ( [4] ) singularities. In the second section we study the regularity of the fibers of α Ω and prove that they are always all singular. The third and fourth sections are devoted to the main conjecture as well as its proof for the types B 2 , B 3 , C 3 , F 4 and G 2 .
Throughout this article the base field is the complex number field C. Furthermore, a Dynkin diagram and its type will often be designated by the same symbol ∆. Let Γ be a finite subgroup of SU 2 . F. Klein showed in [9] that Γ is isomorphic to either the cyclic group C n of order n, the binary dihedral group D n of order 4n, the binary tetrahedral group T of order 24, the binary octahedral group O of order 48, or the binary icosahedral group I of order 120, and that the quotient C 2 Γ is a surface which injects into C 3 as the zero set of a polynomial R Γ ∈ C[X, Y, Z]. Furthermore this surface presents a unique isolated singularity and is called a simple singularity. P. Du Val then proved ( [6] ) that if s ∈ C 2 Γ is the singular point and π ∶S → C 2 Γ is the minimal resolution of C 2 Γ, then the preimage of s is a union of projective lines whose intersection matrix is the additive inverse of a Cartan matrix of type ∆(Γ) = A r , D r or E r .
Γ
R Γ Type of ∆(Γ) The definition of the simple singularities of inhomogeneous types is due to P. Slodowy (cf.
[15] Section 6.2). Definition 1.1. A simple singularity of type B r (r ≥ 2), C r (r ≥ 3), F 4 or G 2 is a pair (X 0 , Ω) with X 0 a simple singularity (in the sense of Section 1.1.1) and Ω a group of automorphisms of X 0 according to the following list :
Type of (X 0 , Ω) Type of Table 2 In each row of this table, Γ and Γ ′ are finite subgroups of SU 2 such that X 0 is a simple singularity of type ∆(Γ) (i.e. X 0 ≅ C 2 Γ) and Γ ⊲ Γ ′ . Furthermore there is a natural action of Ω = Γ ′ Γ on the singularity X 0 . This action lifts in a unique way to the minimal resolutionX 0 of X 0 . As Ω fixes the singular point of X 0 , it will stabilize the exceptional divisor inX 0 . Hence we obtain an action of Ω on the dual diagram ∆(Γ) of the exceptional divisor. It turns out that this action agrees with the automorphism group of the Dynkin diagram.
The inhomogeneous type associated to the simple singularity (X 0 , Ω) will be referred as
commutes. The condition of the first diagram being Cartesian means that X ′ is isomorphic to the fiber product
Semiuniversal deformations of simple homogeneous and inhomogeneous singularities are unique up to isomorphism, which makes them ideal objects for the studies of their associated singularities.
Deformations of homogeneous simple singularities
In this section we present a construction due to H. Cassens and P. Slodowy of the pullback of a semiuniversal deformation of a simple singularity of homogeneous type. For further details on proofs and references of the statements, we invite the reader to look at [5] .
Let Γ be a finite subgroup of SU 2 , R its regular representation, N its natural representation as a subgroup of SU 2 , ∆(Γ) the associated Dynkin diagram (cf. Section 1.1.1 ), and define M (Γ) = (End(R) ⊗ N ) Γ . Then M (Γ) is the representation space of a McKay quiver Q, i.e. a quiver whose vertices are the vertices of the extended Dynkin diagram∆(Γ), with two arrows (one in each direction) for any edge in∆(Γ).
Using a formula due to G. Lusztig, one can define a non-degenerate G(Γ)-invariant symplectic form ⟨., .⟩ on M (Γ) that induces a moment map
We identify Lie G(Γ) and its dual (Lie G(Γ)) * .
Let Z be the dual of the center of Lie G(Γ). Because the moment map is G(Γ)-equivariant, G(Γ) acts on any fiber µ −1 CS (z), z ∈ Z. Hence for any z ∈ Z, the quotient µ −1 CS (Z) G(Γ) is well defined. It is then proved in [5] that the morphism
is the pullback of a semiuniversal deformation of the simple singularity C 2 Γ by the natural morphism h → h W , with h a Cartan subalgebra of a Lie algebra of type ∆(Γ) and W the associated Weyl group.
Deformations of inhomogeneous simple singularities
This section is devoted to the extension conducted in [4] of the construction of Section 1.2 to the inhomogeneous simple singularities of type B r (r ≥ 2), C r (r ≥ 3), F 4 and G 2 .
Let ∆(Γ) be a Dynkin diagram of type A 2r−1 (r ≥ 2), D r (r ≥ 4) or E 6 , with Γ being the associated finite subgroup of SU 2 (cf. Section 1.1.1). Using the previous section, one obtains the following diagram :
with α a semiuniversal deformation of the simple singularity C 2 Γ of type ∆(Γ), h a Cartan subalgebra of type ∆(Γ) and W the associated Weyl group.
Let Γ ′ be the finite subgroup of SU 2 such that there exists a simple singularity of inhomogeneous type ∆(Γ, Γ ′ ) (cf. Definition 1.1). Then Ω = Γ ′ Γ acts on the singularity X Γ,0 = α
) and α Ω = α XΓ,Ω . Our aim is to define natural actions of Ω on X Γ and h W such that α becomes Ω-equivariant, because if so, using results of P. Slodowy, one can show that the restriction In [4] it is shown that if the action of Ω on M (Γ) is symplectic, thenα can be made into an Ω-equivariant map, and so is α. We then have the following result : Theorem 1.4. Let M (Γ) be the representation space of a McKay quiver built on a Dynkin diagram of type A 2r−1 , D r or E 6 as explained in Section 1.2. Then there exists an action of Ω = Γ ′ Γ on M (Γ) that is both symplectic and induces the natural action on the singularity C 2 Γ. This action then turns α into an Ω-equivariant morphism.
The previous theorem enables us to explicitly compute semiuniversal deformations for the inhomogeneous types. For details on these computations, see [4] 
Quotients of semiuniversal deformations of inhomogeneous types
In the previous section we have seen that the morphism α
Thus Ω acts on each fiber of α Ω and the fibers can be quotiented. Furthermore it is known that (α
It is a simple singularity because Γ ′ is a finite subgroup of SU 2 . Therefore the family given by the quotient map
). We will say that the deformation α Ω is obtained through
The results obtained in [4] Table 3 Here we slightly abuse notations by saying that a deformation is of type ∆ if it is a deformation of a simple singularity of type ∆. Furthermore the rank of a deformation is the dimension of its base space.
Remark 2.1. In the case ∆(Γ, Γ ′ ) = G 2 , one can replace the symmetry group S 3 by Z 3Z. The rank of α Ω remains 2, but the type of α Ω becomes E 6 .
Ω is given by the projection
Here t i denotes the flat coordinate of degree i (cf. [13] ). Therefore the quotient α Ω is given by
The map α Ω is a deformation of a D 4 -singularity and is of rank 2.
• For ∆(Γ, Γ ′ ) = C 3 , the map α Ω is given by the projection
, −z). The coordinates on h W are once again the flat coordinates. Therefore the quotient α Ω is given by
where the A i are polynomials in t 2 , t 4 , t 6 without constant terms. So the map α Ω is indeed a deformation of a D 6 -singularity and is of rank 3.
For details on the computations, see [4] Section 4.4.
E. Brieskorn showed ( [3] ) that a semiuniversal deformation of a simple singularity of type ∆ r (∆ = A, D or E) can be constructed such that the base space is the quotient h W with h a Cartan subalgebra of a simple Lie algebra of type ∆ r and W the associated Weyl group. Hence the rank of a semiuniversal deformation of a simple singularity of type ∆ r is r. However one notices in Table 3 that it is not true for α Ω . Therefore α Ω is not a semiuniversal deformation in any case.
We will now prove the following theorem regarding the regularity of the fibers of α Ω :
Ω be the semiuniversal deformation obtained in Section 1.3 of a simple singularity of inhomogeneous type B r (r ≥ 2), C r (r ≥ 3), F 4 or G 2 . Then every fiber of the quotient
Proof. In the following computations, the t i 's will always be the flat coordinates on h W (cf. [13] ), with i being the degree. For F 4 and G 2 , we will look at the explicit equation obtained in [4] Section 4.4 and see that each fiber of α Ω is indeed singular. For the general types B r and C r , another approach is needed. We will show that each fiber of α Ω has at least one isolated fixed point p. If a fiber has such a point p, then there are two possibilities :
-p is singular, so a neighbourhood of p is isomorphic to C 2 Ξ with Ξ a finite subgroup of SU 2 , because p is a singular point in a semiuniversal deformation of a simple singularity. Thus we have dim
-p is smooth, then the fiber has a tangent space at this point and it is isomorphic to C 2 . So locally around p, the action of Ω = Z 2Z is the same as its action on C 2 around the origin. Hence the quotient will be isomorphic to C 2 Ω, which is an A 1 -singularity. The quotient will then be singular.
• Type B r (r ≥ 2). The fiber of α Ω above a point (t 2 , 0,
[4] Section 4.3.6). The f i 's are polynomials such that f i (t 2 (ξ), ..., t 2r (ξ)) = ǫ i (ξ) for all 1 ≤ i ≤ 2r, ǫ i being the elementary symmetric polynomial of degree i and ξ being a coordinate vector on the Cartan subalgebra h of type A 2r−1 . The action of Ω = Z 2Z =< σ > on the fiber is given by
Hence a fixed point is a point p = (x, (−1)
is a fixed point of the fiber. It is isolated because there are at most two possible values for x.
• Type C r (r ≥ 3). Based on results from A. Kas and M. Schlessinger ( [8] ), as well as computations from [4] , the fiber of the restriction α Ω of the semiuniversal deformation α of a singularity of type D r+1 above (t 2 , t 4 , ..., t 2r , 0) ∈ (h W ) Ω has the following equation :
with β and the α i 's being complex polynomials in variables t 2 , t 4 , ..., t 2r . Here the system of flat coordinates on h W is given by (t 2 , t 4 , ..., t 2r , ψ), Ω fixes each t i and sends ψ on −ψ. The preceding equation is a quasi-homogenous polynomial with
From the study of the special fiber (α
(0) and the fact that the action of Ω = Z 2Z =< σ > preserves the degree, one can see that
σ.y = −y + q(x, y, z, t 2 , ..., t 2r ), of degree r-1,
where p, q and s are homogeneous polynomials with respect to the degrees of x, y, z and the t i 's, and such that p(x, y, z, 0, ..., 0) = q(x, y, z, 0, ..., 0) = s(x, y, z, 0, ..., 0) = 0 for any (x, y, z) ∈ C 3 .
Let us fix (t 2 , ..., t 2r , 0) ∈ (h W ) Ω and study the fiber (α
(t 2 , ..., t 2r , 0) given by the equation given above. Because x is of smallest possible degree and σ 2 = Id, the only possibility is σ.x = x. For the other variables, the action might depend on the parity of r.
∎ Assume that r is even. y is of degree r − 1 which is odd, and all the others terms are of even degree. The only possibility is thus σ.y = −y. β is a polynomial of degree 2r − deg y = r + 1, which is odd. However β is a polynomial in the variables t 2 , ..., t 2r , all of even degree. Hence β = 0. z is of degree r which is even, so σ.z = −z + ∑ r 2 i=0 λ i x i with the λ i 's being polynomials in t 2 , ..., t 2r . One can check that σ 2 z = z. We are then looking for the fixed points of the action
(t 2 , ..., t 2r , 0). Therefore the following equation has to be verified :
.
If there exists i ∈ {0, ..., (t 2 , ..., t 2r , 0).
So for such an x, the value of z is uniquely determined and is not zero. However, based on the equation of (α (t 2 , ..., t 2r , 0), we see that if (x, y, z) is a point on the surface, then so is (x, y, −z). If a non-zero value of z exists, a second value exists also. This contradicts the unicity of the value of z.
We have shown that the action of Ω on (α
A fixed point is thus given by (x, 0, 0) with x verifying the non-trivial equation x r +α r−1 x r−1 +...+α 1 x+α 0 = 0. So a fixed point exists, there are at most r of them, and they are all isolated.
∎ Assume that r is odd. z is of degree r which is odd, and all the others terms are of even degree. The only possibility is thus σ.z = −z. β is a polynomial of degree 2r − deg y = r + 1, which is even. So it is possible that β ≠ 0. y is of degree r − 1 which is even, so σ.y = −y + ∑ r−1 2 i=0 µ i x i with the µ i 's being polynomials in t 2 , ..., t 2r . One can check that σ 2 y = y. We are then looking for the fixed points of the action
(t 2 , ..., t 2r , 0).
(t 2 , ..., t 2r , 0). But there exists at least one point in the surface for which y ≠ 0. Hence β = 0, and the action is given by
If there exists i ∈ {0, ...,
} such that µ i ≠ 0, we have to consider two cases : β = 0 and β ≠ 0.
= 0 is nontrivial in x and has therefore at least one solution (and at most
) ≠ 0 and such that there exist y, z ∈ C with
So for such an x, the value of y is uniquely determined and is not zero. However, based on the equation of (α (t 2 , ..., t 2r , 0), we see that if (x, y, z) is a point on the surface, then so is (x, −y, z) (because β = 0). If a non-zero value of y exists, a second value exists also. This contradicts the unicity of the value of y. ▲ Assume that β ≠ 0. We have
As β ≠ 0, for any x ∈ C, there exist an infinity of (y,
) ≠ 0 (we get rid of a finite number of possible values). Set y ∈ C such that 2xy + β ≠ 0 (we get rid of one possible value). Because of the equation of the surface, there exists z ∈ C such that (x, y, z) ∈ (α
(t 2 , ..., t 2r , 0). One can then check that the point (x, y − β+2xy x , z) is well defined and belongs to the surface. But because of the choice of x, we know that y =
the value of y is uniquely determined. However, we have just seen that (x, y, z) and (x, y − β+2xy x , z) are two distinct points of the surface. This contradicts the unicity of the value of y.
A fixed point is thus given by (x, 0, 0) with x verifying the non-trivial equation x r +α r−1 x r−1 +...+α 1 x+α 0 = 0. Therefore a fixed point exists, there are at most r of them, and they are all isolated.
We have thus proved that, for any r ≥ 3 and any (t 2 , ..
and there is at least one isolated fixed point.
• Type F 4 . The equation of the fiber of α Ω above a point (t 2 , 0, t 6 , t 8 , 0, t 12 ) ∈ (h W ) Ω is given by the points (x, y, z) ∈ C 3 such that
The action of Ω = Z 2Z =< σ > on the fiber is then given by
We can compute the equation of the quotient of the fiber and obtain
One can check that for any (t 2 , 0, t 6 , t 8 , 0, t 12 ) ∈ (h W ) Ω , the surface just obtained is indeed singular.
• Type
).
The action of Ω = Z 3Z =< ρ > on the fiber is thus given by
We can compute the equation of the quotient of the fiber and obtain One can easily check that for any (t 2 , 0, t 6 , 0) ∈ (h W ) Ω , the surface defined by the previous equation has at least one singular point.
• Type G 2 = (D 4 , S 3 ). The fixed point of Ω = S 3 =< ρ, σ > in h W are the same as the ones by the action of Z 3Z : {(t 2 , 0, t 6 , 0) ∈ h W }. The equation of the fiber of α Ω above a fixed point in h W is then the same as in the case of (D 4 , Z 3Z). The action of Ω on such a fiber is given by
The quotient of the fiber has then the equation
Ω , the surface has at least one singular point.
Singular configurations and root systems
Let g be a simple Lie algebra of type A r , D r or E r , h a Cartan subalgebra of g, W the associated Weyl group, and e ∈ g a nilpotent element. As e is nilpotent, it can be included in an sl 2 -triple (e, f, h) by JacobsonMorozov's theorem. Let us look at the restriction of the adjoint quotient χ ∶ g → h W to the Slodowy slice
with π the natural projection, Φ + the set of positive roots of g, the H α 's the reflection hyperplanes with respect to the roots α ∈ Φ + , and D the discriminant of χ. E. Brieskorn proved in [3] that if e is a subregular (i.e. dim Z G (e) = rank g + 2, with G the simple Lie group associated to g) nilpotent element of g, then χ Se is a semiuniversal deformation of a simple singularity of the same type as g, and is surjective ([15] Section 7.4, Corollary 1). Furthermore, it is shown in [15] (Section 6.5, Lemmas 1, 2, 3) that the type of the singular configuration which appears in S e above a point π(h) ∈ D is given by the sub-root system {α ∈ Φ h ∈ H α }. 
[14] Section 1.4). We thus have the following diagram :
Therefore the type of the singular configuration of (α Ω ) −1 (t) is the same as the one of (χ
is given by the sub-root system
The following conjecture describes the link between the singular configurations of the fibers of α Ω and sub-root systems of the root system Φ ′ of type ∆(Γ ′ ) :
With the notations of the previous commutative diagram, there exists a subset Θ of the set simple roots of Φ ′ such that the base change f is an isomorphism on its image
, then the singular configuration of the fiber (α Ω )
is of the same type as the root system φ ′ . Furthermore, all singular configurations of the fibers of α Ω are obtained in this way. Depending on the type of α Ω , the subset Θ is given in the following table (the numbering of the root systems is the one of Bourbaki (cf. [2] )) : Table 4 The next statement validates the conjecture for small rank cases.
Theorem 3.2. The Conjecture 3.1 is true for the types :
Proof of Theorem 3.2
In what follows, the set of coordinates on h W and h ′ W ′ will always be the flat coordinates (cf. [11] and [12] for details).
Strategy of the proof
The strategy for the proof of each case is twofold :
• Part 1 :
-Compute the deformation α Ω and its discriminant.
-Decompose the discriminant depending on what singular configurations appear in the fibers of α Ω .
-Compute the deformation α Ω .
-Determine the types of singular configurations appearing in the fibers of α Ω above the previously obtained decomposition of (h W ) Ω .
• Part 2 :
-Compute all realizations of the sub-root systems of the root system of type ∆(Γ ′ ) containing Θ.
-Compute the flat coordinates of the Cartan subalgebra h ′ of type ∆(Γ ′ ), and the restriction of the map
-Check that the morphism f realizes a bijection between the singular configurations of the fibers of α Ω and the sub-root systems of ∆(Γ ′ ) containing Θ.
Case
In this section Γ = C 4 , Γ ′ = D 2 and Ω = Z 2Z =< σ >. It is known from [4] that the map α Ω is given by the projection
Furthermore, the action of Ω on a fiber is σ.(x, y, z) = (y, x, −z), and so the quotient α Ω is given by
. After quotient, it is known from Theorem 2.3 that all of (h W ) Ω composes the discriminant. By studying explicitly the singularities in the fibers (α 0, t 4 ) , we obtain the following types : Table 5 with p i (i = 1, 2) denoting a smooth point, and if the action of Ω is not mentioned, the point (smooth or singular) is Ω-fixed.
Let Π ′ = {α 1 , α 2 , α 3 , α 4 } be a set of simple roots of the root system of type D 4 (cf. Table 4 for the numbering). All the sub-root systems of D 4 containing Θ = {α 3 , α 4 } are either of type
, and their realizations φ ′ are given in the following table : Table 6 where < ... > means the root system generated by "...". 
Using [13] , one can compute the flat coordinates of D 4 restricted to the subspace H α3 ⋂ H α4 ⊂ h ′ and obtains
One notices that ψ 6 = − 1 108
The morphism f is clearly injective, and if (ψ 2 , ψ 4 , ψ 6 , 0) ∈ π ′ (H α3 ⋂ H α4 ), then by setting t 2 = ψ 2 and
′ be a sub-root system in Table 6 , and set h ′ ∈ ⋂ α∈φ ′ H α . With the formulas given before, one can compute (t 2 , 0,
, and verify the following correspondence :
With Table 5 , we see that the singular configuration in the fiber of α Ω above f
) is of the same type as φ ′ . Therefore for the type A 3 − B 2 − D 4 , the map f realizes a bijection between the singular configurations of the fibers of α Ω and the sub-root systems of D 4 containing Θ = {α 3 , α 4 }.
In this part
The map α Ω is computed in [4] and is given by the projection
Furthermore, the action of Ω on a fiber is σ.(x, y, z) = (−y, −x, −z). The quotient α Ω is then given by
Before quotient, the discriminant of α
Ω with After quotient, Theorem 2.3 says that the discriminant is all of (h W ) Ω . By studying explicitly the singularities in the fibers (α
, we obtain the following types : Table 7 with p i (i = 1, 2) denoting a smooth point, and if the action of Ω is not mentioned, the point (smooth or singular) is fixed.
Let Π ′ = {α 1 , α 2 , α 3 , α 4 , α 5 } be a set of simple roots of the root system of type D 5 (cf. Table 8 Set (e 1 , e 2 , e 3 , e 4 , e 5 ) an orthonormal basis of h ′ of type D 5 , and define (ǫ 1 , ǫ 2 , ǫ 3 , ǫ 4 , ǫ 5 ) its dual basis. Following [2] , the simple roots of D 5 are 
We see that f is an injective morphism, and if (ψ 2 , ψ 4 , ψ 6 , ψ 8 
′ be a sub-root system in Table 8 , and set h ′ ∈ ⋂ α∈φ ′ H α . With the formulas just given, one can compute (t 2 , 0, t 4 , 0,
, and check the following correspondence :
With Table 7 , we see that the singular configuration in the fiber of α Ω above f 
Case
It is known from [4] that the map α Ω is the projection
Furthermore, the action of Ω on a fiber is σ.(x, y, z) = (x, −x − y + t2 2
, −z), and the quotient α Ω is given by 
After quotient, it is known from Theorem 2.3 that all of (h W ) Ω is the discriminant. By studying explicitly the singularities in the fibers (α (t 2 , t 4 , t 6 , 0), we obtain the following types Table 9 with p i (i = 1, 2, 3, ∅) denoting a smooth point, and if the action of Ω is not mentioned, the point (smooth or singular) is fixed.
Let Π ′ = {α 1 , α 2 , α 3 , α 4 , α 5 , α 6 } be a set of simple roots of the root system of type D 6 (cf. Table 4 for the numbering). All the sub-root systems φ ′ of D 6 containing Θ = {α 1 , α 3 , α 5 }, as well as their realizations are given in the following table : Table 10 Set (e 1 , e 2 , e 3 , e 4 , e 5 , e 6 ) an orthonormal basis of h ′ of type D 6 , and define (ǫ 1 , ǫ 2 , ǫ 3 , ǫ 4 , ǫ 5 , ǫ 6 ) its dual basis. Following [2] , the simple roots of D 5 are
with the coordinates being expressed in the basis (e 1 , e 2 , e 3 , e 4 , e 5 , e 6 ). Then h ′ ∈ H α1 ⋂ H α3 ⋂ H α5 if and only if ξ 1 = ξ 2 , ξ 3 = ξ 4 and ξ 5 = ξ 6 .
Using [13] , one can compute the flat coordinates of D 6 restricted to the subspace 
It is clear that f is an injective morphism, and if (ψ 2 , ψ 4 , ψ 6 , ψ 8 , ψ 10 
′ be a sub-root system in Table 10 , and set h ′ ∈ ⋂ α∈φ ′ H α . With the formulas just given, one can compute (t 2 , t 4 , t 6 
With Table 9 , we see that the singular configuration in the fiber of
) is of the same type as φ ′ . Therefore for the type D 4 − C 3 − D 6 , the map f realizes a bijection between the singular configurations of the fibers of α Ω and the sub-root systems of D 5 containing Θ = {α 1 , α 3 , α 5 }.
In this section Γ = D 2 , Γ ′ = T and Ω = Z 3Z =< ρ >. The restriction α Ω of the semiuniversal deformation α of a simple singularity of type D 4 is
The action of Ω on a fiber is ρ.(x, y, z) = (y, −x − y + t2 2 , z), and so the quotient α Ω is given by 
Before quotient, the discriminant of α Ω is given by {(t 6 + t 
108
) = 0} , and after quotient, it is all of (h W ) Ω because Theorem 2.3. By studying explicitly the singularities in the fibers (α 0, t 6 , 0) , we obtain the following types : Table 11 with p i (i = 1, 2) denoting a smooth point, and if the action of Ω is not mentioned, the point (smooth or singular) is fixed.
Let Π ′ = {α 1 , α 2 , α 3 , α 4 , α 5 , α 6 } be a set of simple roots of the root system of type E 6 . All the sub-root systems φ ′ of E 6 containing Θ = {α 1 , α 3 , α 5 , α 6 }, as well as their realizations are given in the following table : Table 12 Set h ′ = (ξ 1 , ξ 2 , ξ 3 , ξ 4 , ξ 5 , ξ 6 ) ∈ h ′ , with the coordinates being expressed in the basis of fundamental coweights (ω
Using [7] and [13] , we compute the flat coordinates of E 6 restricted to the subspace There are the following relations among the flat coordinates : 
The map f is an injective morphism, and if (ψ 2 , ψ 5 , ψ 6 , ψ 8 , ψ 9 , ψ 12 ) ∈ π
′ be a sub-root system in Table 12 , and set h ′ ∈ ⋂ α∈φ ′ H α . With the preceding expressions, we compute (t 2 , 0,
With Table 11 , we see that the singular configuration in the fiber of α Ω above f
) is of the same type as φ ′ . Hence for D 4 − G 2 − E 6 , the map f realizes a bijection between the singular configurations of the fibers of α Ω and the sub-root systems of E 6 containing Θ = {α 1 , α 3 , α 5 , α 6 }.
Case
In this section Γ = D 2 , Γ ′ = O and Ω = S 3 =< ρ, σ >. The restriction α Ω above the fixed points is the same as the one in the preceding part, ie
and the action of Ω on a fiber is
The quotient α Ω is then given by
The discriminant of the deformation before quotient is {(t 6 + t 
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) = 0}, and after quotient it is (h W )
Ω . The study of the fibers of α Ω and α Ω gives the following singular configurations :
Generic point smooth and no Ω-fixed point Table 13 Let Π ′ = {α 1 , α 2 , α 3 , α 4 , α 5 , α 6 , α 7 } be a set of simple roots of the root system of type E 7 . All the sub-root systems φ ′ of E 7 containing Θ = {α 1 , α 2 , α 3 , α 5 , α 7 }, as well as their realizations are given in the following table : Table 14 Set
.., e 8 ) the canonical basis of C 8 , and (ǫ 1 , ..., ǫ 8 ) its dual basis. Following [2] , the simple roots of E 7 are
Using [1] and [10] , one can compute the flat coordinates of E 7 restricted to the subspace
We will therefore look at the flat coordinates as functions of ξ 3 and ξ 5 . The expressions are Set Γ = T , Γ ′ = O and Ω = Z 2Z =< σ >. According to [4] , a semiuniversal deformation α Ω of a simple singularity of type F 4 is given by 
Furthermore, the action of Ω on a fiber of α Ω is σ.(x, y, z) = (−x, y, −z) and the quotient α Ω is 
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)X = 0} (t 2 , 0, t 6 , t 8 , 0, t 12 ) and (α Ω ) −1 (t 2 , 0, t 6 , t 8 , 0, t 12 ), we obtain the following types :
Generic point Table 15 with p i (i = 1, 2, 3, ∅) denoting a smooth point, and if the action of Ω is not mentioned, the point (smooth or singular) is fixed.
Let Π ′ = {α 1 , α 2 , α 3 , α 4 , α 5 , α 6 , α 7 } be a set of simple roots of the root system of type E 7 . All the sub-root systems φ ′ of E 7 containing Θ = {α 2 , α 5 , α 7 }, as well as their realizations are given in the following table (except in the first case A 1 + A 1 + A 1 and the last one E 7 , we will not repeat that φ ′ contains Θ, for the sake of readability) :
< α 4 , α 1 >, < α 4 , α 1 + α 2 + 2α 3 + 2α 4 + α 5 >, < α 4 , α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 4 , α 1 + α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 4 , α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 4 , 2α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 3 + α 4 , α 1 + α 3 >, < α 3 + α 4 , α 1 + α 2 + α 3 + 2α 4 + α 5 >, < α 3 + α 4 , α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 3 + α 4 , α 1 + α 2 + 2α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 3 + α 4 , α 1 + 2α 2 + 2α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 3 + α 4 , 2α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 1 + α 3 + α 4 , α 3 >, < α 1 + α 3 + α 4 , α 2 + α 3 + 2α 4 + α 5 >, < α 1 + α 3 + α 4 , α 1 + α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 1 + α 3 + α 4 , α 1 + α 2 + 2α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 1 + α 3 + α 4 , α 1 + 2α 2 + 2α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 1 + α 3 + α 4 , α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + 2α 6 + α 7 , α 1 >, < α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + 2α 6 + α 7 , α 3 >, < α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + 2α 6 + α 7 , α 1 + α 3 >, < α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + 2α 6 + α 7 , α 2 + α 3 + 2α 4 + α 5 >, < α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + 2α 6 + α 7 , α 1 + α 2 + α 3 + 2α 4 + α 5 >, < α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + 2α 6 + α 7 , α 1 + α 2 + 2α 3 + 2α 4 + α 5 >, < α 4 + α 5 + α 6 , α 1 >, < α 4 + α 5 + α 6 , α 2 + α 3 + 2α 4 + α 5 >, < α 4 + α 5 + α 6 , α 1 + α 2 + α 3 + 2α 4 + α 5 >, < α 4 + α 5 + α 6 , α 1 + α 2 + 2α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 4 + α 5 + α 6 , α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 4 + α 5 + α 6 , 2α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 3 + α 4 + α 5 + α 6 , α 1 + α 3 >, < α 3 + α 4 + α 5 + α 6 , α 2 + α 3 + 2α 4 + α 5 >, < α 3 + α 4 + α 5 + α 6 , α 1 + α 2 + 2α 3 + 2α 4 + α 5 >, < α 3 + α 4 + α 5 + α 6 , α 1 + α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 3 + α 4 + α 5 + α 6 , α 1 + 2α 2 + 2α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 3 + α 4 + α 5 + α 6 , 2α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 1 + α 3 + α 4 + α 5 + α 6 , α 3 >, < α 1 + α 3 + α 4 + α 5 + α 6 , α 1 + α 2 + α 3 + 2α 4 + α 5 >, < α 1 + α 3 + α 4 + α 5 + α 6 , α 1 + α 2 + 2α 3 + 2α 4 + α 5 >, < α 1 + α 3 + α 4 + α 5 + α 6 , α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 1 + α 3 + α 4 + α 5 + α 6 , α 1 + 2α 2 + 2α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 1 + α 3 + α 4 + α 5 + α 6 , α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 , α 1 >, < α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 , α 3 >, < α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 , α 1 + α 3 >, < α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 , α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 , α 1 + α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 1 + α 2 + 2α 3 + 3α 4 + 2α 5 + α 6 , α 1 + α 2 + 2α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 6 , α 1 >, < α 6 , α 3 >, < α 6 , α 1 + α 3 >, < α 6 , α 1 + 2α 2 + 2α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 6 , α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 6 , 2α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 2 + α 3 + 2α 4 + α 5 + α 6 , α 3 >, < α 2 + α 3 + 2α 4 + α 5 + α 6 , α 1 + α 2 + α 3 + 2α 4 + α 5 >, < α 2 + α 3 + 2α 4 + α 5 + α 6 , α 1 + α 2 + 2α 3 + 2α 4 + α 5 >, < α 2 + α 3 + 2α 4 + α 5 + α 6 , α 1 + α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 2 + α 3 + 2α 4 + α 5 + α 6 , α 1 + α 2 + 2α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 2 + α 3 + 2α 4 + α 5 + α 6 , 2α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 1 + α 2 + α 3 + 2α 4 + α 5 + α 6 , α 1 + α 3 >, < α 1 + α 2 + α 3 + 2α 4 + α 5 + α 6 , α 2 + α 3 + 2α 4 + α 5 >, < α 1 + α 2 + α 3 + 2α 4 + α 5 + α 6 , α 1 + α 2 + 2α 3 + 2α 4 + α 5 >, < α 1 + α 2 + α 3 + 2α 4 + α 5 + α 6 , α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 1 + α 2 + α 3 + 2α 4 + α 5 + α 6 , α 1 + α 2 + 2α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 1 + α 2 + α 3 + 2α 4 + α 5 + α 6 , α 1 + 2α 2 + 3α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 >, < α 1 + α 2 + 2α 3 + 2α 4 + α 5 + α 6 , α 1 >, < α 1 + α 2 + 2α 3 + 2α 4 + α 5 + α 6 , α 2 + α 3 + 2α 4 + α 5 >, < α 1 + α 2 + 2α 3 + 2α 4 + α 5 + α 6 , α 1 + α 2 + α 3 + 2α 4 + α 5 >, < α 1 + α 2 + 2α 3 + 2α 4 + α 5 + α 6 , α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 1 + α 2 + 2α 3 + 2α 4 + α 5 + α 6 , α 1 + α 2 + α 3 + 2α 4 + 2α 5 + 2α 6 + α 7 >, < α 1 + α 2 + 2α 3 + 2α 4 + α 5 + α 6 , α 1 + 2α 2 + 2α 3 + 4α 4 + 3α 5 + 2α 6 + α 7 > With Table 15 , we see that the singular configuration in the fiber of α Ω above f
) is of the same type as φ ′ . Hence for E 6 − F 4 − E 7 , the map f realizes a bijection between the singular configurations of the fibers of α Ω and the sub-root systems of E 7 containing Θ = {α 2 , α 5 , α 7 }. ). This is due to the fact that in order to obtain α Ω , we need to determine the independent cycles of M (Γ) (cf. Section 1.2), and as the dimension vector of M (Γ) is (1, 1, 2 , ...., 2, 1, 1), the 2-dimensional vertices introduce a complexity in the relations between the cycles, complicating the computation of α Ω when the rank r increases (cf.
Conclusion
[4] Section 4.3.7 for details). The author is therefore working on a more general approach which would provide a proof of Conjecture 3.1 in all generality.
